When four-dimensional general relativity is embedded in an unconstrained manner in a fifth dimension, the physical quantities of spacetime can be interpreted as geometrical properties related to the extra dimension. It has become widespread to view the ten Einstein equations and the source terms of the energy-momentum tensor in this way. We now assign physical meanings to the other five equations involved. The scalar field acts like gravity, but concerns inertial as opposed to gravitational mass. The other four equations are conservation laws for 4D dynamics, but where the mass of a test particle is related to a local value of the cosmological 'constant'. Ways of testing these identifications are suggested.
Introduction
The extension of Einstein's 4D theory of general relativity to 5D as a means of unifying gravitation and electromagnetism was initially well received. But the algebra of Kaluza in 1921, as expanded to quantum effects by Klein in 1926 , was restricted [1, 2] , and interest waned. The theory was revived with an unrestricted algebra in the 1990s, as a means of understanding the connected problems of particle rest mass and the cosmological constant [3 -11] . It has become a standard technique, to determine the components of the energymomentum tensor that balance the Einstein tensor, by reducing the 5D field equations to their 4D counterparts [5] . This has enabled the discovery of many new solutions of Einstein's equations, and led to the confirmation that all 4D Friedmann-Robertson-Walker cosmologies are flat in 5D, with the implication that the big bang is due to an unfortunate choice of coordinates [10, 11] . However, such notable achievements have only directly used 10 of the 15 field equations of 5D relativity. Indeed, the main obstacle to a more universal acceptance of 5D relativity is the lack of physical interpretation of these remaining 5 equations. The theory -viewed either as an aid to general relativity or as a wider account in its own right -is physically incomplete. Despite the obvious motivation to examine these 5 field equations, giving them acceptable physical interpretations is difficult. This because we are trying to give general meanings to the rich, unrestrained algebra of 5D from the meagre physical data available on the hypersurface of spacetime in 4D. It is a bit like trying to infer the real world in ordinary 3D space from the image on a 2D photograph. In our endeavor, the main tool is covariance. The field equations of extended relativity are fully covariant in 5D, so we assume that whatever behaviour is expressed on a given 4D hypersurface is in some sense typical. In what follows, physical interpretations will be proposed for the vector and scalar components of the 5D field equations. Since our aim is to deal with all of the equations, some part of what follows may be familiar to certain readers. The new material joins smoothly to the old, producing a complete theory which agrees with extant observations and can be further tested as outlined at the end.
The notation is standard. Upper-case Latin (English) letters run 0, 123, 4 for time, ordinary space and the extra dimension. Lower-case Greek letters run 0, 123. The only departure from some other work is that the extra coordinate is labelled 4 x l = , to avoid confusion with the Euclidean coordinate and the implication that it is measured with respect to some singular hypersurface. (The latter may be inserted if desired as in membrane theory, or left out as in space-time-matter theory, reviews of which versions of 5D relativity are available in refs. 12 and 13. These two versions are mathematically equivalent, as shown and discussed in refs. [14] [15] [16] [17] .) The speed of light, the gravitational constant and the quantum of action ( ) , , ,or /2 c G h h π ≡ will usually be set to unity, except where required for physical reasons.
The 5D field Equations
The field equations in 5D are commonly taken in terms of the 5D Ricci tensor to be ( )
These appear to be relations for a vacuum, analogous to the ones rivatives of all the potentials with respect to the extra coordinate. That is, the 4D source is due to 5D geometry. This is nowadays understood as a consequence of Campbell's theorem, which is a result on the local embeddings of Riemannian manifolds whose dimensions differs by one [18] . Before proceeding, we wish to make some comments on embeddings which throw new light on their effectiveness. Algebraically, it is always possible to take a 5D quantity ( ) The field equations (1) can be written out once a form for the 5D line element is chosen. Different workers use different metrics, depending on the physical application [12, 13] . At this stage, we wish to be as general as possible, and so revert to a broad form [5] . This removes electromagnetic effects by using 4 of the 5 available degrees of coordinate freedom to set the Maxwell potentials ( ) 4 g α to zero. However, the remaining degree of coordinate freedom is held in abeyance, to bring out the effects of the scalar 
This includes the 4D line element
, where we will generally use the 4D
proper time s as parameter in order to make contact with extant knowledge.
With metric (2), the field equations (1) can be conveniently grouped into sets of 10 (tensor), 4 (vector) and 1 (scalar). Thus: 
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Here a comma denotes the partial derivative, and a semicolon denotes the standard (4D) covariant derivative. The following three sections examine equations (3), (4), (5) by turn.
The Tensor Equations
Much has already been written about the set of equations (3) These authors disagree about the physical nature of the source, but the algebraic properties of its associated matter are well established [11, 19] . The perspicaceous work of Ponce de Leon has in particular shown that there is a symmetry in the 5D field equations which effectively allows the first and last parts of the metric to be swapped [15, 17] . The 5D line element in quasi-Schwarzschild coordinates is given by
where L is a length typical of the geometry and here just M. Then by (6) , the standard procedure applied to the first and last metric coefficients identifies aM as the gravita- (6) is bivalent in the sense that it has gravitational and scalar contributions to the energy. Taking into account all of the metric coefficients and using a Hamiltonian approach, the total energy of a soliton is actually ( )
. And while attention based on 4D experience tends to focus on the first term in (6), in fact (3) shows that all of its associated matter outside of the central source comes from the last term in (6) . Further, since there are no electromagnetic sources in the metric (6), the logical inference is that the cloud of radiation associated with a soliton is not photons but scalerons, or quanta of the scalar field.
(c) Time-dependent solitons help us understand why 5D objects of this type appear to be relatively rare in the universe. If the Sun, for example, is modelled by the static soliton (6) , observations show that it must have 1, 0 a b , meaning that its mass is nearly all gravitational and that its attendant cloud of scalerons is of negligible density [21, 22] . That is, the classic solar-system tests of relativity show that the Sun (at least) is closely described by the limit of (6) 
For this metric, (3) shows that the cloud of radiation surrounding the source at the centre of the 3-geometry is still sharply peaked, but while retaining its profile in r decreases in magnitude with t. For r → ∞ and t → ∞ , (8) shows that the fifth dimension disappears, and the 4D part becomes a Friedmann-Robertson-Walker model with dynamics typical of radiation. However, in accordance with preceding comments, this radiation is predicted to consist not of photons but of scalerons. Of course, what is needed here is a detailed stability analysis of the class of solitons (6), to see if the quasi-Schwarzschild case (a = 1, b =0) is a natural endpoint of the evolution of such objects. Similarly, an analysis is needed of the effect on the formation of galaxies and other structure in the early universe if the latter contained numerous solitons [23] . The inference right now is that if 5D solitons were / are abundant, their radiation should contribute a background field of spinless particles to the matter content of the universe.
(d) The 4D Schwarzschild solution is most appropriately embedded in the 5D
pure-canonical metric, not the soliton metric considered above. We will discuss the canonical metric below. It is an l-factorized form for the 5D line element, which leads to considerable simplification of the field equations. Any solution can be written in the form of the general canonical metric C 5 , but only a few (with an l-independent 4D subspace) can be written in the form of the special canonical metric * 5 C . One such is the solution of (1) given by:
Here Λ is the cosmological constant and M is the usual mass. There are two reasons for the belief that this is the appropriate embedding for the Schwarzschild (-deSitter) solution. First, it is a corollary of Campbell's theorem that any vacuum solution of the 4D
Einstein equations can be embedded in a 5D metric of form (9), where the 4D metric is factorized in terms of 4 x l = but otherwise independent of it, and where the fifth dimension is flat. Second, a test particle in the 5D field of (9) has a motion which is indistinguishable from that of the standard 4D field, a remarkable property which extends to the inflationary solution for cosmology [24] . As regards cosmology, the standard 5D models are curved with matter given by (3) It is somewhat ironic to learn that modern data indicate that the universe consists predominately of a Λ -like fluid [26] [27] [28] , which under expansion retains its characteristic equation of state. The latter is given, with physical constants restored, by
The use of this relation to implicitly include Λ as a part of the source T αβ for the Einstein tensor G αβ has become widespread. However, it should be noted that the 8 G π in the denominator of (10) exactly cancels the same term in the coupling ( )
. This implies that the best way to view Λ is the one originally due to Einstein, namely that g αβ Λ is a term that formalizes a gauge freedom of the gravitational equations. This situation is analogous to the one in classical electromagnetism as described by Maxwell's equations [29] . The situation needs to be made clear, because the field equations for 5D relativity involve another second-rank, symmetric tensor, namely P αβ of (4). This is distinct from G αβ or T αβ , and may in principle involve another gauge term, once the algebra of (4) is given a physical interpretation.
The Vector Equations
The 4 field equations (4) come from the 4 0 R α = components of (1). As such, they have no analogs in general relativity. However, the tensor P αβ exists in 4D, and it is our aim to give it a physical interpretation.
This at first appears to be difficult. In the case of the tensor equations (3) matching the second-order derivatives of G αβ . But P αβ depends on first-order derivatives, and has physical dimensions of (length) -1 . This has led some workers to effectively add the 'square' of P αβ to T αβ to form a composite source, the problem being still viewed as gravitational in nature. This procedure is algebraically acceptable but physically dubious, because in the form (3) the field equations ; 0 P β α β = show that P αβ is separately conserved, defining in fact a set of 4-currents. These could be electromagnetic in nature, since 5D relativity in general is a unified theory of the gravitational, electromagnetic and scalar interactions. However, the metric (2) which leads to the field equations (3) lacks electromagnetic sources. Furthermore, if the electric charge of a particle is geometrized using gravitational units, the charge/mass ratio of the particle can be written / q m = ( )( ) obliged to leave aside electric charge, admitting that it could be a parameter in P αβ but one whose incorporation must await an analysis based on a more general metric than the neutral-matter one of (2). And anyway, electric currents with the charges removed are still matter currents, and it is to these we now turn our attention. Even with this focus, however, there is still a question about the coupling constant for (3), because while many workers believe that 5D relativity is essentially a theory of gravitation, some believe that its 5D parts pertain to quantum physics. For example, certain individuals believe that the solitons (6) are actually magnetic monopoles [30] , while others believe that the theory provides a scenario for replacing the classical big bang by a quantum event, such as tunneling in a deSitter or anti-deSitter background [31] . For versions of 5D relativity where it is applied to particle physics as opposed to gravitation, it would logically be superior to geometrize the mass m of a particle by its Compton wavelength / h mc rather than its Schwarzschild radius 2 / Gm c . This is a valid issue, and we will return to it later. For now, we cut through ambiguity by proposing that the field equations (3) do indeed express the conservation of mass 'currents', and that ; 0 P β α β = are just the equations of motion of a test particle. Accordingly, we drop the second part of (11) 
and we cannot assume ; 0 u β β = as in general relativity. To investigate this, we follow a standard technique [11] . The 4-velocities for metric (2) are normalized via ( )
Taking / d ds of this gives
This can be rewritten, using symmetries under the exchange of α and β and introducing the short form for the 4-acceleration. The result is
We see that the divergence of the 4-velocity is not zero as in general relativity, because the velocities depend on the frame of reference, and there is a relative velocity between the 4D and 5D frames measured by / dl ds . Equivalently, there is an acceleration, or force per unit mass, which acts in 4D due to motion with respect to the fifth dimension.
It is parallel to the 4-velocity, and for metric (2) is given by
This type of force has been discussed in connection with both the space-time-matter and membrane versions of 5D relativity [32, 33] . Returning to the present analysis, putting (15) into (12) and setting the result to zero as per the field equations, there comes
The first part of this describes geodesic motion in 4D general relativity, while the second part is a 5D perturbation.
Having gotten the motion of a test particle in 4D spacetime, it is natural to ask about the motion in the fifth dimension. For this, we put the normalization condition (13) into the metric (2) and rearrange, to give
Since we are using 4D proper time s as the dynamical parameter, we can ask what velocity in the fifth dimension makes S an extremum, and by back-substitution what this says about the 5D interval. The result is
This means that particles in the manifold (2) are moving in the fifth dimension at a rate determined by the scalar field; and that as a result, all events in the manifold are in 5D
causal contact.
The result 2 0 dS = is of course invariant under changes of coordinates. It has been discussed in the context of space-time-matter and membrane theory [34, 35] . We can now consider rewriting the metric (2) in the form (9) of the embedded Schwarzschild solution. That is, we consider a metric of the pure-canonical form * 5 C , where
This has associated with it a fifth 'force' (or acceleration per unit mass) given by (16) .
This can be evaluated, but it is critical to recall that the 4-velocities are normalized via 
By looking at (21) and (22), it is obvious that the appropriate match between algebra and physics is via C have a fifth coordinate which is essentially the particle rest mass. As noted elsewhere [11] , this is really not surprising, since the first part of (20) reproduces the conventional action of particle physics (mds) if l = m. This identification is confirmed by evaluating the constant of the motion associated with the time axis of (20), which is the energy of the test particle. It is also compatible with the fact that when the 4D metric is independent of The foregoing comments about physical dimensions enable us to revisit the tensor P αβ as specified by (11) . Specifically, now that we understand 4 x l = to be related to the rest mass m of a test particle, we can identify the coefficient 1 ( ) f l there (though we continue to ignore the gauge term and a possible electromagnetic term). The coefficient dimensions of P αβ are (length) -1 . In gravitational problems, the required combination
. In quantum problems, the required combination gives 1 / f mc = .
Re-absorbing the constants allows us to write
This is the physical identification for the dynamically important part of the 4-tensor P αβ which appears in the vector part (4) of the field equations of 5D relativity.
The Scalar Equation
The scalar field equation (5) comes from the 44 0 R = component of (1) . Like the vector equations considered in the preceding section, it has no analog in general relativity. However, it is in principle observable in 4D spacetime, given an appropriate physical interpretation.
Above, we saw that an argument can be made for believing that all test particles in 5D relativity move on 5D null-paths ( ) 2 0 dS = , even though they move on 4D paths which are null or timelike ( ) 
Here L is a constant, related to the intrinsic value of Λ by C of (20) causes the first two terms on the right-hand side of (5) to cancel, leading to the solution of that equation by Φ = constant in a somewhat trivial and special way. There exist much broader classes of solutions to (3), which need investigation; especially since to any solution of (3) with 0 Φ ≠ may be added a solution with 0 Φ = . Such solutions may be of interest to those workers not so much concerned with classical solutions of (3) -(5) applicable to astrophysics, as wave-like solutions applicable to particle physics.
Classically, the nature of the scalar field of 5D relativity is best displayed by the solitons, whose metric (6) is an exact solution of the field equations (1), where all of the matter as given by (3) comes from the Φ -field. [The pure-canonical metric (26) has only vacuum energy as specified in 4D by (10) and no 'ordinary' matter.] It was argued in Section 3 that the solitons have a source which is bivalent, in the sense that it has gravitational and scalar contributions to the energy. The parallel with electromagnetism is obvious. The question then arises of the relative strength of these terms. It is instructive to consider an 'atom' where the scalar field as per (6) dominates the electromagnetic field. Since such an object is hypothetical, the analysis is relegated to another place [40] .
It shows that the effect of the scalar field on the atomic scale is much smaller than that of electromagnetism. For example, the binding energy of the orbits of test particles around a nucleus is typically less than that of the corresponding electromagnetic (Bohr) model by a factor of about 20. This implies that elementary particles bound by only the scalar field would be disrupted by some of the photons of the present-day 3K microwave background radiation. To this argument should be added the previous comment, namely that timedependent solitons described by (8) anneal themselves over cosmic time into a background cosmological field of scalerons. It appears, therefore, that solitons do not provide a practical test for the scalar field of 5D relativity, either on the atomic or cosmological scales.
Notwithstanding this, it is relatively clear that the scalar field is connected to the masses of particles. This can be inferred from equations (21) and (22) and the comments made thereafter, which suggest that a classical definition for the rest mass of a test particle can be made via m dl ≡ Φ ∫ . This is just the analog of the proper 'distance' in the fifth dimension. The dynamical properties we have discussed above are consistent with such a definition. It suggests that a massive object has both gravitational and inertial (or scalar) mass. However, the gravitational and scalar fields do not, in general, have the same source. This can be seen by combining the trace of (3) 
The only case in which the source terms are comparable is at a matter / vacuum interface, where the discontinuity in 
This is conformable with (11) and (23) for the dynamics derived from the vector set (4) of the field equations.
The net result of the considerations of this section is that the scalar field Φ of 5D relativity is considerably weaker than electromagnetism and mimics the effects of gravitation. It is therefore difficult to formulate a prognostication which might show the existence of this field in the real world. A possible test concerns the pure-canonical metric (20) , which we recall predicts that 
That is, the magnitude of the cosmological 'constant' (as measured by the intensities of vacuum fields) and the masses of particles (as measured gravitationally) should by their combination be equal to a pure number (the value comes basically from the dimensionality of the underlying manifold). The dependency (29) , while puzzling from the classical viewpoint, is what is needed to resolve the so-called cosmological-'constant' problem, which is fundamentally a mismatch between the values of Λ inferred from particle physics and cosmology [36] [37] [38] [39] . Provided the relevant parameters can be measured, (29) provides a test for 5D relativity. It could conceivably be carried out by the Large Hadron
Collider, though the gap between concept and practice is significant.
Summary and Discussion
The 15 field equations of 5D relativity (1) with a general metric (2) split naturally into sets of 10, 4 and 1 as given by equations (3), (4) (11), (12) and (23) to 4D laws of motion (17), which are the usual geodesic ones modified by an extra term due to the fifth dimension. The last relation of the theory is in general a wave equation for the scalar field Φ , but has only been properly studied in classical contexts which show that its large-scale behaviour is like gravity, while its small-scale behaviour is largely unknown. . Electromagnetic tests of 5D relativity would be cheap to carry out, and the subject deserves further study.
The principles on which gravitational theory is based may also need re-evaluation.
General relativity is commonly taken to be based on the principle of covariance, the geodesic principle and the equivalence principle. The importance attributed to these principles differs between workers, and there is an overlap between the last two. How-ever, no serious researcher would nowadays put forward a theory that was not covariant, so to that degree the principle is a foregone assumption of technique. As to geodesic motion, it clearly depends on the dimensionality of the manifold. Above, it was pointed out that the assumption of a 5D null-path ( ) Any metric in 5D can be written in the l-factorized or canonical form 5 C given by
When here ( )
, we obtain the special canonical form * 5 C of (20) , which among other things embeds the Schwarzschild solution (9) . One could even argue that in the local limit (7), the base metric of the world in 5D terms is not 5 M but * 5 C . Leaving this aside, the condition 2 0 dS = (see above) leads to two types of behaviour for l = l(s), depending on the signature. In terms of an arbitrary shift in 4 x l = (by l 0 ) and an amplitude constant (say * l ), these two modes for * 5 C are given by 
where the upper sign is for l spacelike while the lower sign is for l timelike; for 0 0 l ≠ , there appears to be a divergence in Λ which provides a formal correspondence between space-time-matter theory and membrane theory, but this lies outside the present discussion, and we drop l 0 henceforth.) Now in (32) , l plays the role of particle mass m, yielding thereby the standard element of 4D action mds. This identification was discussed in connection with the acceleration laws (21) and (22) 
using the intrinsic value of the cosmological constant defined previously. This result agrees with (29) . It says that the gravitational and inertial masses of a test particle are proportional to each other, which is a statement of the equivalence principle.
5D relativity is seen to be a theory which does not need to invoke two of the three principles that form the basis of 4D general relativity. The geodesic principle is replaced by the concept of a 5D null path ( The theory has certain 'loose ends' that need to be addressed, and there are extra observational tests that need to be carried out. Notably, more work is needed on the defi-nition of the rest mass of a particle when the metric is not canonical and the extension of the vector part of the field equations to include electric charge. Observationally, certain consequences of the electromagnetic sector of 5D relativity were mentioned earlier in this section. The relationship between particle mass and the (local) value of the cosmological constant, outlined at the end of Section 5, also needs to be tested. Perhaps the most farreaching aspect of 5D relativity, both theoretically and practically, is that the gravitational field and the scalar field are complementary consequences of the same source, notably mass. It might be difficult to admit that, in the present era of high-precision experiments, the gravitational field has to be paralleled by a scalar field. However, the situation is analogous to the components of the electromagnetic field, insofar as the electric component commonly dominates the magnetic component. In the present case, we have seen above that the scalar field may be unstable against decay to the gravitational field, and that the scalar field mimics the gravitational field. It is hoped that the new results presented here, which are consistent with previously-known ones, will provide a means of deciding if the world has only 4 or else more dimensions. For an electron orbiting a proton, the maximum-energy orbit ( ) 
